Abstract. The number Col Q (K) of colourings of a knot K by a finite quandle Q has been used in the literature to distinguish between knot types. In this paper we suggest a refinement Col F Q (K) to this knot invariant involving any computable functor F from finitely presented groups to finitely generated abelian groups. We are mainly interested in the functor F = ab that sends each finitely presented group H to its abelianization H ab = H/[H.H]. We describe algorithms needed for computing the refined invariant and illustrate implementations that have been made available as part of the HAP package for the GAP system for computational algebra. We use these implementations to investigate the performance of the refined invariant on prime knots with ≤ 11 crossings.
Introduction
For elements x, y in a group one can define the two operations x * y = y −1 xy and y * x = yxy
which satisfy (Q1) x * x = x, (Q2) (x * y) * y = x = (x * y) * y, (Q3) (x * y) * z = (x * z) * (y * z). Recall that a quandle is a set Q equipped with two binary operations * and * such that axioms Q1, Q2, Q3 hold for all x, y, z ∈ Q. The axioms imply that the right multiplication mapping R y : Q → Q, x → x * y is bijective for each element y in a quandle. In particular, for x, y, z ∈ Q the two equations z = x * y and x = z * y are equivalent. Thus a quandle can also be defined as a set Q with a single binary operation * such that Q1 holds and such that the right multiplication mapping R y : Q → Q, x → x * y is an automorphism (preserving the operation * ) for all y ∈ Q.
Recall that a knot is a continuous embedding K : S 1 → R 3 of the circle into Euclidean 3-space, and that two knots K, K : S 1 → R 3 are ambient isotopic if there exists an orientation preserving homeomorphism h : R 3 → R 3 such that K = hK. The knots are equivalent if there is a homeomorphism h : R 3 → R 3 that maps the image of K to the image of K , where in this case h need not preserve orientation. We write K = K when two knots K and K are ambient isotopic. A knot type is a class of equivalent knots. A knot is tame if it is ambient isotopic to a piecewise linear polygonal curve. Two knots K, K can be added to form a knot K + K . A knot P is prime if it is not ambient isotopic to any sum K + K of knots with P = K.
In Section 3 below we recall that for each knot K there is an associated knot quandle Q(K) which is well-defined up to isomorphism. This is a knot invariant: equivalent knots yield isomorphic quandles. In fact, two knots K, K have isomorphic associated quandles Q(K) ∼ = Q(K ) if and only if they are equivalent. A proof of this was provided by Joyce [9] using a result of Waldhausen [14] .
The knot quandle Q(K) has infinite cardinality, and the description recalled in Section 3 is in terms of a finite number of quandle generators and relations. There are difficulties to deciding if two finitely presented knot quandles Q(K) and Q(K ) are isomorphic. One approach to the difficulties involves choosing a finite quandle Q and considering the finite set Hom(Q(K), Q) of all quandle homomorphisms c : Q(K) → Q. Such a homomorphism c is called a colouring of the knot K by the quandle Q. The cardinality |Hom(Q(K), Q)| of this set is an invariant of the knot type
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of K, and is easy to compute given a finite presentation for Q(K). Following [3] we denote this cardinality by Col Q (K). Computer calculations were used in [3] to establish the following result. Theorem 1.1. [3] There is a collection of 26 finite quandles Q 1 , ..., Q 26 for which the invariants Col Q1 (K), ..., Col Q26 (K) together suffice to distinguish between all 2977 prime knot types on ≤ 12 crossings. The largest of these 26 quandles has cardinality 182.
The integer Col Q (K) is one of the simplest invariants of a knot type that can be constructed from the finite set Hom(Q(K), Q) arising from a finite quandle Q. Our aim in this paper is to advertize the performance of a refined invariant, which we denote Col F Q (K), that can be derived from the set Hom(Q(K), Q) and any functor F from the category of finitely presented groups to the category of finitely generated abelian groups. We are mainly interested in the functor F = ab that sends each finitely presented group H to its abelianization
We describe algorithms needed for computing the refined invariant and illustrate implementations that have been made available as part of the HAP package [4] for the GAP system for computational algebra [5] . We use these implementations to investigate the performance of the invariant on prime knots with ≤ 11 crossings.
The motivation for introducing the invariant Col F Q (K) came from [1] where computations involving the knot group G(K) = π 1 (R 3 \ K) were used to distinguish between prime knots. We recall in Section 3 that a finite presentation for the group G(K) can be derived from a knot diagram (i.e. a projection of the image of K onto a 2-dimensional plane in R 3 such that at most two distinct points on the knot project to any one point in the plane). Given a finite group G we say that a group homomorphism c : G(K) → G is a colouring of the knot K by the group G. The set Hom(G(K), G) of such colourings is a knot invariant. In keeping with the above we set Col G (K) = |Hom(G(K), G)| and note that this integer is a readily computed knot invariant. Let us suppose that G ≤ S n is a permutation group of degree ≤ n. Each colouring c provides an action (i, g) → i g = i c(g) of the finitely presented infinite group G(K) on the set {1, ..., n}. Let H c = {g ∈ G(K) : 1 g = 1} be the subgroup of G(K) that stabilizes 1. The coset space G(K)/H c has one coset for each integer in the orbit of 1 under the action of G(K). In particular, H c is a finite index subgroup of G(K). Using a version of the Reidemeister-Schreier procedure we can find a finite presentation of H c . From this presentation we compute the list (d 1 , ..., d k ) of abelian invariants of the abelian group
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} is an invariant of the knot type of K. Computer calculations were used in the preprint [1] to establish a result which can be reformulated in the language of group colourings as follows.
suffices to distinguish between all 59937 prime knot types on ≤ 14 crossings.
The paper is structured as follows. In Section 2 we describe background theory and a GAP implementation for enumerating finite quandles and finite connected quandles, and for computing automorphism groups of finite (connected) quandles. In Section 3 we describe background theory and an implementation for computing with knot quandles and knot groups. In Section 4 we transfer the group-theoretic definition (1) into the setting of quandles, and investigate the performance of both the group-theoretic and quandle-theoretic invariants Col Acknowledgements. In addition to relying on the core GAP system, our HAP code for quandles relies on work of some others. Our function for testing isomorphism of connected quandles is taken almost directly from code in [8] which in turn is based on code in the Loops package [11] for GAP. Our enumeration of connected quandles of orders 31 ≤ n ≤ 47 is taken directly from the Rig package [12] . Our function for constructing pure cubical prime knots was constructed using arc presentations for knots on ≤ 11 available in the Knot Atlas [10] which we accessed via the KnotInfo website [2] . Our function for producing supplemented Gauss codes for prime knots on ≤ 12 crossings was constructed using their planar diagram respresentations available in the Knot Atlas [10] .
Finite quandles
A magma is a set with a binary operation * . We regard a quandle Q as a magma for which x * x = x (all x ∈ Q) and right multiplication by y is an automorphism (all y ∈ Q). We use the IsMagma data type in the GAP system [5] for computational algebra to encode quandles. Our functions for quandles are distributed with GAP as part of the HAP package [4] . Example 2.1. For any group G and any integer n ≥ 1 there is a quandle operation on G defined by x * y = y −n xy n for x, y ∈ G. The following commands construct this quandle for G equal to the symmetric group S 6 and n = 1. The commands establish that the quandle is generated by 15 elements and has order 720. Example 2.2. Let G be a group with subgroup H < G and with element ∈ G such that −1 h = h for all h ∈ H. Let Q = G/H = {Hx : x ∈ G} denote the set of right cosets. There is a quandle operation on Q given by (Hx) * (Hy) = H −1 xy −1 y. The following commands construct this quandle for the finitely presented group
and = a. In this example the quandle Q is generated by two elements; it has order 6 and the final command displays its multiplication table.
One approach to enumerating finite quandles of order n is to run through all n×n multiplication tables in which the ith column is a permutation of the integers {1, ..., n} that fixes i, and to select those tables that yield a magma satisfying the quandle axioms. The process will yield a collection T n of all multiplication tables of quandles of order n with some pairs of tables in T n yielding isomorphic quandles. To produce the collection T n one does not need to check all ((n − 1)!) n multiplication tables: if some entries in the first k columns of a multiplication table violate the quandle axioms then there is no need to check the remaining multiplication tables with those same first k columns. Given any quandle Q with underlying set {1, ..., n} and any permutation σ ∈ S n we can create an isomorphic quandle Q σ on the same underlying set, for which the isomorphism
We can choose some total ordering on the collection T n and let Q min denote the minimum of the quandles Q σ for σ ∈ S n . Then {Q ∈ T n : Q = Q min } is an irredundant set of representatives for the isomorphism classes of quandles of order n. This strategy was used in [7] to obtain a list of all quandles of order ≤ 5. A subsequent paper [6] describes an efficient C implementation of the strategy capable of listing all quandles of order ≤ 8, the quandle multiplication tables being made available at an accompanying URL. We have encoded the strategy in HAP for quandles of size ≤ 6. The automorphism group Aut(Q) of a quandle Q of order n is isomorphic to a subgroup of the symmetric group S n . For small values of n one can compute Aut(Q) directly from this statement: simply check to see which elements of S n induce an automorphism of Q. For each element y ∈ Q we refer to the automorphism R y : Q → Q, x → x * y as a right multiplication. The subgroup Inn(Q) of Aut(Q) generated by all right multiplications is called the inner automorphism group. Note that a composite of right multiplications is not necessarily a right multiplication; we use the term inner automorphism to refer to a composite of right multiplications.
A quandle Q is said to be homogeneous if the action of Aut(Q) on Q has precisely one orbit. We say that Q is connected if the action of Inn(Q) on Q has precisely one orbit. We say that Q is Latin if the multiplication table of Q is a Latin square. Clearly Latin ⇒ connected ⇒ homogeneous.
Example 2.4. The following commands establish that there are precisely eight homogeneous quandles of order 6, two of which are connected. In Section 3 we consider infinite quandles Q(K) associated knots. It is known that these quandles are connected. Thus, for any homomorphism c : Q(K) → Q to a finite quandle Q the image im(c) is a connected quandle. This is one reason for focussing attention on connected finite quandles. Another reason is that the richer theory implied by the connectivity condition helps with computations.
An enumeration of connected quandles of order ≤ 35 was provided in [13] and the multiplication tables of these quandles is available in the GAP package Rig [12] . The basic idea of [13] is to derive the enumeration of connected quandles of order n from the existing enumeration of transitive permutation groups of degree n. Some algebraic refinements to the method were described in [8] and used to enumerate all connected quandles of order ≤ 47. To work with these connected quandles it suffices to have access to their multiplication tables, which we provide with HAP. However, their are some advantages to also providing functions for reconstructing the enumeration from the existing enumeration of transitive groups available in GAP : such functions can be used to construct connected quandles of order n ≥ 48 given appropriate transitive permutation groups of degree n; such functions can be used to compute properties of connected quandles such as their automorphism groups. Currently the default distribution of GAP contains all transitive groups of degree ≤ 30. Files containing transitive groups of higher degree are available on the internet (see [8] for details). (We mention that the Rig package is incompatible with various core GAP packages, due to a significant number of clashes of reserved words, and can not be loaded with these core packages. A motivation for overlapping HAP's functionality in the area of connected quandles with that of the Rig package is that this overlap allows users to investigate connected quandles with the full functionality of the GAP system.)
Before recalling the algebraic details underlying the enumeration of connected quandles we first provide an example.
Example 2.5. The following commands construct the conjugation quandle (Q, * ) on the set of permutations S 5 with operation x * y = y −1 xy and then construct the subquandles of Q arising as the 'components' of Q. These components are the orbits under the action of the inner automorphism group Inn(Q). Note that a component is a quandle but is not necessarily a connected quandle. There are seven components P 1 , . . . , P 7 , of which six are connected. The largest component P 5 has order 30, and the penultimate command identifies this as quandle number 17 arising in our enumeration of connected quandles of order 17. The final command involves enumerating the list of connected quandles of order 30 and then identifying P 5 in this list. Once this list is computed it is automatically stored and never recomputed during th GAP session. The following command can be used to import connected quandles directly from a data base; for quandles of order 31 ≤ n ≤ 47 the data base is taken from the Rig package. We briefly recall from [8] the theory underlying the enumeration of connected quandles. Suppose that we start with a connected quandle Q of order n. The inner automorphism group G = Inn(Q) acts transitively on the set Q. Choose some element e ∈ Q and let G e denote the stabilizer of e in G. Since Q is connected the isomorphism type of G e does not depend on the choice of e. The right multiplication map R e : Q → Q, x → x * e lies in G e . For x ∈ Q we write x Re rather than R e (x) = x * e. For any g ∈ G e and any x ∈ Q we have x gRe = x g * e = x g * e g = (x * e) g = x
Reg
and hence R e lies in the centre Z(G e ) of G e . Since Q is connected it also follows that the element R e normally generates G. The quadruple (G, Q, e, R e ) is an example of the following notion.
Definition 2.1.
[8] A quandle envelope is a quadruple (G, Q, e, ρ) where G is a group that acts transitively on a set Q with distinguished element e ∈ Q and where ρ is an element of the centre Z(G e ) of the stabilizer group of e; the element ρ is required to normally generate G.
The construction of a quandle envelope from a connected quandle is explained above. Conversely, suppose that (G, Q, e, ρ) is a quandle envelope. Since G acts transitively on Q we can find, for each y ∈ Q, an elementŷ ∈ G such that eŷ = y. For x, y ∈ Q we define
One can check that under this operation * the set Q becomes a quandle. This leads to the following result, a detailed proof of which is given in [8] .
Theorem 2.1.
[8] The following data are equivalent: 1. A connected quandle Q with preferred element e ∈ Q. 2. A quandle envelope (G, Q, e, ρ).
It is shown in [8] that for any quandle envelope the derived subgroup G acts transitively on Q and the quotient G/G is cyclic. Thus, given an enumeration of transitive permutation groups of degree n, we can select those groups G for which G acts transitively on Q = {1, . . . , n} and for which the quotient G/G is cyclic. For each selected group we can construct all ρ ∈ Z(G 1 ) for which (G, Q, 1, ρ) is a quandle envelope. We can then construct the corresponding connected quandles. In this way the enumeration of transitive groups of degree n can be used to provide a list of all connected quandles of order n; the list will contain pairs of isomorphic quandles. We can use a (slightly refined version of) the quandle isomorphism test described above to remove isomorphic copies. To compute the automorphism group of a connected quandle Q we follow [8] in considering, for any group G, subgroup H ≤ G and element x ∈ G, the subgroup
of the automorphism group of G. The following is proved in [8] .
Proposition 2.2. [8]
Let Q be a connected quandle. Choose an element e ∈ Q and let G = Inn(Q) be the right multiplication group of Q. Then there is a group isomorphism
Example 2.7. The following commands use Proposition 2.2 to show that, for the quandle P 5 of Example 2.5, the automorphism group Aut(P 5 ) is isomorphic to the symmetric group S 5 .
gap> P5:=ConnectedQuandle(30,17,"import");; gap> A:=AutomorphismGroupQuandleAsPerm(P5);; gap> StructureDescription(A); "S5"
The above commands construct a permutation group A isomorphic to the automorphism group Aut(P 5 ). One can alternatively construct a version of Aut(P 5 ) whose action on P 5 is implemented.
gap> P5:=ConnectedQuandle(30,17,"import");; gap> Aut:=AutomorphismGroupQuandle(P5);; gap> a:=Random(Aut);; gap> x:=Random(P5); m12 gap> x^a; m28 Some further functionality for finite connected quandles, relating to their fundamental group and second homology, has been implemented in HAP. Details are available at the package website [4] .
Knot quandles and groups
A knot type can be represented as a knot diagram such as that of Figure 1 . A knot diagram can be represented on a computer by the sequence of integers, known as a Gauss code, constructed as follows. The crossings in the knot diagram are first numbered in any fashion and the knot is oriented by assigning a direction to it. Then, starting at any point on the knot we travel once around the knot listing the crossings that are met in the order that they are met. The integers in the list are given signs: a sign of −1 is used when a crossing is met as an over crossing; a sign of +1 is used when a crossing is met as an under crossing. A Gauss code for the knot diagram of Figure 1 is
The Gauss code does not contain enough information to reconstruct the knot type: it does not allow one to distinguish between the two types of crossing shown in Figure 2 . To overcome this difficulty we supplement the Gauss code with a list of signs, one for each crossing. A +1 is used to record a crossing of Type I and a −1 is used for a crossing of Type II. The list of signs for the knot of Figure 1 To display knots on a computer it is convenient to consider diagrams such as that of Figure  3 . This diagram has several special properties: (i) it is piecewise linear with each linear segment either vertical or horizontal; (ii) no two vertical segments share a common x-coordinate and no two horizontal segments share a common y-coordinate; (iii) all over-crossing points belong to vertical segments and all under-crossing points belone to horizontal segments. A knot diagram satisfying properties (i)-(iii) is called an arc presentation of the knot. Any arc presentation can be represented as a list (m 1 , n 1 ), (m 2 , n 2 ), ..., (m k , n k ) of pairs of integers where the bottom horizontal segment extends from the m 1 th to the n 1 th vertical segment; the second to bottom horizontal segment extends from the m 2 th vertical segment to the n 2 th vertical segment, and so on. For example, the list (2, 5), (1, 3) , (2, 4) , (3, 5) , (1, 4) specifies the arc presentation of Figure 3 . It is particularly easy to implement knot addition and reflection of knots for arc presentations. To each knot K is associated its knot group G(K). Recall that this is a finitely presented group. Given any knot diagram for K with n crossings, the Wirtinger presentation for G(K) involves n generators and n relators. The n undercrossings divide the knot diagram into n connected arcs and these arcs correspond to the generators x i (1 ≤ i ≤ n). To specify the relators we choose one of the two possible directions of travelling around the knot. Each crossing of type I (see Figure 2) contributes a relator of the form x
(Type I) to the presentation and each relator of type II contributes a relator of the form
(Type II)
The isomorphism class of G(K) depends only on the knot type of K. The Wirtinger presentation for G(K) can of course be simplified.
Example 3.3. The following command produces the finite presentation G(K) ∼ = x, y | xyx = yxy for the knot group of the trefoil knot. The knot group G(K) is an invariant of the knot type of K. However, it can be a challenge to decide if two finitely presented knot groups G(K) and G(K ) are isomorphic or not. One approach is to consider easily comparable isomorphism invariants of the knot group. A classic invariant of G(K) is defined (see Definition 3.1) in terms of the chain complex C * (X) ⊗ ZG Q of rational vector spaces, where: X is the 2-dimensional reduced CW complex associated to any finite presentation x | r for G(K); C * (X) denotes the cellular chain complex of
where T a set of representatives for the elements of the infinite cyclic group G(K)/G . Using the bijections T ∼ = C ∞ = t one can also view the chain complex (2) as a complex of free Q(t)-modules
over the ring Q(t) of Laurent polynomials. Since Q(t) is a principal ideal domain one could use Smith Normal Form to compute the first homology H 1 (C * (X) ⊗ ZG Q) which is an invariant of G and hence of G(K). Alternatively, one can compute the invariant of Definition 3.1 defined in terms of the m × n matrix A over Q(t) representing the boundary homomorphism ∂ 2 in (3). Here m is the number of generators in our presentation for G(K) and n is the number of relators in the presentation.
Definition 3.1. The polynomial
where det i (A) is the greatest common divisor of all i × i minors of A, is known as the Alexander polynomial of the knot K and is an invariant of the knot group G(K). Note that greatest common divisors, and hence Alexander polynomials p K (t), are only uniquely determined up to multiplication by powers of t.
The HAP implementation of the Alexander polynomial always returns a polynomial with one non-zero constant term and no negative powers of t.
Example 3.4. The following commands use a direct implementation of Definition 3.1 to compute the Alexander polynomial
of the first knot K in the list of prime knots on 12 crossings stored in HAP. Another readily computed and easily compared invariant of a finitely presented knot group is the number Col G (K) = |Hom(G(K), G)| of group homomorphisms c : G(K) → G to some fixed finite group G. Given a presentation G (K) = x 1 , . . . , x m | r 1 , . . . , r n with associated free group F = F (x 1 , . . . , x m ) , such homomorphisms correspond to those m-tuples (f (x 1 ), . . . , f (x m ) ) ∈ G m that induce homomorphisms F → G mapping each relator r i ∈ F to the identity element of G. To efficiently compute Col G (K) from this correspondence one should first attempt to simplify the presentation of G(K) with the aim of reducing the number m of generators as much as possible. The computation of Col G (K) can be aided by involving the automorphism group Aut(G). The action of Aut(G) on G induces an action of Aut(G) on Hom (G(K), G) . It suffices to compute the number of orbits of this action on Hom(G(K), G), together with the order of the stabilizer subgroups of orbit representatives. The orbits and stabilizers of the action on Hom(G(K), G) can be derived from the orbits and stabilizers of the induced action of Aut(G) on G m . The latter can be calculated by inductively computing the orbits and stabilizers of the action of Aut(G) on G i for i = 1, . . . , m. The current implementation of Col G (K) in HAP adopts this approach, and seems to be practical for presentations of G(K) involving a small number of generators m and groups G of small order. [ 1, 51 ] , [ 2, 18 ] , [ 3, 5 ] , [ 4, 1 ] , [ 5, 8 ] , [ 6, 4 ] , [ 7, 3 ] , [ 8, 7 ] , [ 9, 4 ] , [ 11, 1 ] , [ 12, 1 ] , [ 13, 2 ] , [ 14, 2 ] The following further commands partition the 801 prime knots into equivalence classes where a class now consists of knots K with a common Alexander polynomial.
gap> C:=Classify(L,K->AlexanderPolynomial(K));; gap> Collected(List(C,Size)); [ [ 1, 383 ] , [ 2, 111 ] , [ 3, 40 ] , [ 4, 10 ] , [ 5, 6 ] , [ 6, 1 ] ] This shows that the Alexander polynomial is better than Col S5 (K) for distinguishing between prime knots on ≤ 11 crossings.
Example 3.5 is summarized in the following result. (ii) The Alexander polynomial partitions the 801 knots into 551 classes, 383 of which have cardinality 1 and all of which have cardinality ≤ 6.
To each knot K one can associate the knot quandle Q(K). This is a finitely presented quandle introduced by Joyce in [9] . Given any knot diagram for K with n crossings, Joyce's presentation for Q(K) involves n generators and n relations. The n undercrossings divide the knot diagram into n connected arcs and these arcs correspond to the quandle generators x i (1 ≤ i ≤ n). To specify the relations we choose one of the two possible directions of travelling around the knot. Each crossing of type I (see Figure 2 ) contributes a quandle relation of the form
to the presentation and each crossing of type II contributes a relation of the form
In the second type of relation we write x * y as shorthand for x * y where R y (x * y) = x. The isomorphism class of this finitely presented quandle Q(K) depends only on the knot type of K. Joyce's presentation for Q(K) can of course be simplified. As with knot groups, it can be a challenge to decide if two finitely presented knot quandles Q(K) and Q(K ) are isomorphic or not. A readily computed and easily compared invariant of a finitely presented knot quandle is the number Col Q (K) = |Hom(Q(K), Q)| of quandle homomorphisms c : Q(K) → Q to some fixed finite quandle Q. For an efficient computation of Col Q (K) we can proceed as in the group theoretic case: first try to simplify the presentation of Q(K) with a view to reducing the number of generators, and then inductively invoke the action of Aut(Q) on Q m .
Example 3.6. Let K and L denote the trefoil knot and its mirror image. The sum K + L is known as the square knot. The sum K + K is known as the granny knot. The granny and square knots are well-known to have isomorphic knot groups,
The following commands use the quandle invariant Col Q (K) to establish that the granny knot is not equivalent to the square knot. We take Q to be the seventeenth quandle in our enumeration of connected quandles of order 24. 
The refined invariant
Let G ≤ S n is a permutation group of degree ≤ n. Each homomorphism c :
g of the finitely presented infinite group G(K) on the set {1, ..., n}. Let H c = {g ∈ G(K) : 1 g = 1} be the subgroup of G(K) that stabilizes 1. The coset space G(K)/H c has one coset for each integer in the orbit 1 G(K) = {1 g : g ∈ Im(c)}. Using standard Cayley graph algorithms one can compute a finite generating set k for the kernel ker(c) of the homomorphism c. One can also readily compute a preferred pre-image representativẽ y for each y ∈ im(f ) ≤ G. The finite set w = k ∪ {ỹ : y ∈ im(f )} generates the subgroup H c ≤ G(K). The Reidemeister-Schreier procedure can be applied to the generating set w and a finite presentation for G(K) to produce a finite presentation for the subgroup H c . Given any computable functor F from finitely presented groups to finitely generated abelian groups we can compute the list (d 1 , ..., d k ) of abelian invariants of the abelian group We shall focus on (2) since experimentation on knots with low crossing number suggests that (2) yields a significantly stronger invariant than (1) and as strong an invariant as (3). (It is certainly conceivable that (3) is stronger than (2) but our limited experimental evidence lends no support in this direction.)
From a computational viewpoint it is useful to note that for any homomorphism c : G(K) → G and any g ∈ G one has a conjugate homomorphism c g : G(K) → G, x → g −1 c(x)g, and that the corresponding integer vectors F c and F c g are identical. Let us define c and c g to be conjugate homomorphisms and set [G(K), G] equal to a set of representatives of the conjugacy classes in Hom(G(K), G). The following invariant contains essentially the same information as in (4) but is slightly quicker to compute. Given a finite connected quandle Q, a knot K and a quandle homomorphism c : Q(K) → Q one can construct a group homomorphism grp(c) : G(K) → Inn(Q) as follows. The generators x i , . . . , x n for the Wirtinger presentation of the knot group G(K) of an n-crossing knot can be mapped in the obvious way to the generators of Joyce's presentation for the knot quandle Q(K). Let Q(x i ) denote the quandle generator corresponding to the group generator x i . Let R Q(xi) denote the right multiplication map Q(K) → Q(K), y → y * Q(x i ). Let R cQ(xi) denote the right multiplication map Q → Q, y → y * c(Q(x i )). There is a well-known action of the group G(K) on the quandle Q(K) in which the group generator x i acts on y ∈ Q(K) by y xi = y * Q(x i ) (see [9] ). The group homomorphism grp(c) : G(K) → Inn(Q) is defined on Wirtinger generators by x i → R cQ(xi) . We assume that the elements of Q are named 1, 2, . . . n and thus regard Inn(Q) as a subgroup of S n . We set H grp(c) = {g ∈ G(K) : 1 grp(c)(g) = 1}. The connectivity of the finite quandle Q ensures that H grp(c) is well-defined up to conjugacy of subgroups in G(K). We define (6) Col 
